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Group —A
Answer any five questions from question no. 1 to 8 : [5x5]

1. If a, b c are positive rational numbers, prove that
a+b bre ca a+b+c
2°h°C° > a+b)2z (b+c)2 (c+a)?2 S a+b+c . [5]
2 2 2 3

2
2. Prove that the minimum value of Xx*+y? +z? is(;j , Where X, y, z are positive real numbers

subject to the condition 2x +3y+6z =c, ¢ being a constant. Find the values of x, y, z for which the
minimum value is attained. [5]

3. Show that (\/E)’j§ has infinitely many values. Show also that the points representing the general
values lie on a circle in the complex plane. [2+3]

4. Prove that the equation (x+1)* =a(x* +1) is a reciprocal equation if a #1 and solve it whena=-2. [1+4]

5. a) Find the nature of the roots of the equation x’ +x°>—x%=0. [2]
b) o,pB,y are the roots of the equation x*+px®+gx+r=0 (r#0). Find the equation whose roots
are a—&,[}—ﬂ,y—a—ﬁ. [3]
a p
6. Find the special roots of the equation x* —1=0. Deduce that ZCOS%' 2003‘11—;[, ZCOS%'
2005116—57E are the roots of the equation x* —x*—4x*+4x+1=0. [5]
7. Solve the equation x°® —15x> —33x+847 =0 by Cardon's method. [5]
8. Solve the equation x* +4x®>—6x> +20x +8=0 by Ferrari's method. [5]
Answer any five questions from question no. 9 to 16 : [5x5]
9. Show that the series i(—lr?”*l is convergent. Find a rearrangement of the above series that is
divergent. - [1+4]

10. a) A function f:RR — RRis continuous on R and f(x) = 0 for all x € Q. Prove that f(x) = 0 for all
xeR. [2]

(1Y (13) (135) . :
b) Prove that the series 2 + ey + 546 +... 1s convergent for p > 2 and divergent for

p<2. [3]

(1)



11. a) If K; and K; are disjoint non-empty compact sets, show that there exists A, € K;such that
0<[h, = |=inf{|x, —x,|:x; e K}, i=1,2. [3]

b) Let f:[-1,1] —> R be defined by f(x):xsinl,x;to
X

= 0 ,x=0
Prove that f is uniformly continuous on [-1, 1]. [2]

12. a) Let f:[0,1] —[0,1] be continuous on [0,1]. Prove that there exists a point o in [0, 1] such that

f(a)=o. [2]

b) A function f:[a,b]—> Ris continuous on [a, b] and X,,X,,...,X, €[a,b]. Prove that there is a
f(x)+f(X,)+...+f(x,)

point c €[a,b] such that f(c) = [3]
n
13. a) A function f:R — Rsatisfies the condition |f(x)—f(y)|<(x—y)? for all x,yeR. Prove that f
is a constant function. [2]

X; +X,

b) If f”(x) >0 on [a,b], prove that f( ]S %[f (x,) +f(x,)] for any two points X1, X, in [a, b]. [3]

14. Let f:[a,b] — Rbe differentiable on [a,b], a,beRand a < b. Let f'(a) <f'(b) and k be any real

number between f'(a) and f'(b) . Prove that there exists c e (a,b) such that f'(c) =k. [5]
15. a) If f(x) = sinx, prove that Lirrge = % where 0 is given by f(h) =f(0)+hf’(6h), 0<6<1. [3]
2,2 33
b) Test the convergence of the series 1+%+ 22): + 33): +..,x>0. [2]
1 n+1
16. a) Evaluate : Iim(l—z—j . [3]
n—oo n
b) Let f(x) g x-1|+|x—-2]|, x€[0,3]. Show that f has a local minimum value at x = 1. [2]
Group—-B
Answer any two questions from question no. 1710 19 : [2x10]
1+a, 1 1 1
1+a 1 1
17. a) Prove that ? =a,a,a,3, IR Ly | [3]
1 1l+a, 1 a, a, a, a,

1 1 1 1+a,
b) Prove that there exists orthogonal matrix P such that A = BP, where A and B are non-singular

matrices such that AA' = BB", [2]
2 0 2
: . 3 2 6 5
¢) Find the row reduced echelon matrix of A = . [5]
5 2 10 7
0 3 2 5

18. a) Let {0, a,, 05, 01,, 0} be a basis of a vector space V of a field F and a non-zero vector B of V is
expressed as P=ca,+C0,+C0o,+C0, +Co; CeF. If c;#0 then prove that
{a,,,,B,0,,0} is anew basis of V. [5]

(2)



b) Find the dimension of C over C. [2]
¢) Find a basis for R® containing (1,3,1) and (1,5,4). [3]

19. a) Let W, and W, be subspaces of a vector space V such that Wy, + W, =V and W, W, ={6}.
Prove that for each v eV, there are unique vectors v, e W, and v, € W, such that v = vy + v,. [2]

b) Let R,, be the real wvector space of all 2x2 matrices over R. Let

a b
S:{( jeRM ; a+b=0}. Prove that S is a subspace of R, ,. Find a basis and the

c d
dimension of S. [2+2+1]
c) Let S :{(x,y,z,w) eR" I X+y+z+W :0} and Tz{(x,y,z,w) eR*:x+3y—5z+6w =0}.
Are S and T subspaces of R*? If so, find their basis. [3]
Answer any three questions from question no. 20 to 24 : [3x10]

20. a) Prove that if for a basic feasible solution xg of a linear programming problem
Maximize z =cx
subjectto Ax=b, x>0
we have z; —c; >0 for every column g; of A, then Xg is an optimal solution. [6]

b) Find all the basic solutions of the following equations identifying in each case the basic vectors
and the basic variables :

X, +X, +X; =4
2X, +5%, —2X, =3. [4]
21. a) Use Big-M method to maximize z = 6x; + 4x; subject to the constraints
2%, +3x, <30
3X; +2X, <24

X, +X, >3
X, X, 20
show that the solution is not unique. Find two solutions. [7]
b) Prove that the set of all feasible solutions of a linear programming problem is a convex set. [3]

22. a) Write down the dual of the following problem and solving the dual problem by simplex method,
find the optimal solutions and values of the primal and dual as well :

Maximize Z =3X, +4x,
subject to X, +X, <10
2%, +3x, <18
X, <8
X, <6

X;, X, 20 [2+2+2+1]

b) Formulate Mathematically a Transportation problem (balanced) as an L.P.P having m origins
and n destinations (m,n>2). [2]

¢) What is the number of independent constraints in a balanced Transportation problem? [1]
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23. a) In a Transportation problem the cost matrix is

D, D, D, D, a

o[ 2[5 0] 312
o, 4| 6| 8| 115
o, 4]l o] 4 14
ol 2| 6| 1| 49
50
bl 10] 8] 12] 20 |5

A initial Basic feasible solution is given by : x, =12, X,, =7, X,, =8, X; =3, X, =8,
X3 =3, X3 =9.
Is this solution optimal and unique? Find the minimum cost of the problem. [2+2+1]

b) A machine operator processes five types of items on his machine each week and must choose a
sequence for them. The set-up cost per change depends on the item presently on the machine and
the set-up to be made according to the following table :

To Item
A B C

— 4 7
~ 6

From Item

~ w w|O

7 -
E| 4 5 7 -

If he processes each type of item once and only once each week, how should he sequence the
items on his machine in order to minimize the total set-up cost. [5]

0O w >
~N o DMNIM

4
7
3

A W O

24. a) X1 =1, X2 = 3, X3 = 2 is a feasible solution of the equations
2%, +4X, —2x, =10
10x; +3X, +7X, =33
Reduce the above F.S to B.F.S. [4]

b) Prove that if x be any feasible solution to the primal problem maximize z = c¢x subjectto Ax<b,
x >0 and v be any feasible solution to the corresponding dual, then cx <b'v. [3]

¢) Find the minimum cost solution for the following assignment problem :
(I | 11 I AV

45 3 2

[3]
1 4 -2 3
4 2 1 -5

(4)



